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Abstract. The aim of this paper is two fold: 

First to study finite groups G of automorphisms of the homogenized Weyl 
algebra B n , the skew group algebra B n * G, the ring of invariants Bf^ , and 
the relations of these algebras with the Weyl algebra A n , with the skew group 
algebra A n * G, and with the ring of invariants A„ . Of particular interest is 
the case n = 1. 

In the on the other hand, we consider the invariant ring C[X] G of the 
polynomial ring if[-X] in n generators, where G is a finite subgroup of Gl(n, C) 
such that any element in G different from the identity does not have one as an 
eigenvalue. We study the relations between the category of finitely generated 
modules over C[X] G and the corresponding category over the skew group 
algebra C[X] * G. We obtain a generalization of known results for n = 2 and 
G a finite subgroup of Sl(2,C ). In the last part of the paper we extend the 
results for the polynomial algebra C[X] to the homogenized Weyl algebra B n . 



1. Automorphism of the homogenized Weyl algebra. 

In tis section wc will assume the reader is familiar with basic results on Weyl 
algebras as in [Co] , For results on the homogenized Weyl algebra wc refer to [MMo] 

Let K be a field of zero characteristic. In this section we consider the it homog- 
enized Weyl algebra B n defined by generators and relations as: 

B n = K < X 1 ,X 2 ,...X n ,Y 1 ,Y 2 ,...Y n ,Z > /{[X^Sj] - d l3 Z 2 , [X u Xj], \Yi,Yj], 
[Xi,Z% [Yi,Z 1 ]}, with K < Xt,X 2 , ...X n ,Y 1 ,Y 2 , ...Y n , Z >the free algebra in 2n + l 
generators, [it, v'] the commutator uv — vu and 6%j, Kronecker's delta. 

It is known B n has a Poincare-Birkoff basis and it is quadratic, hence by [Li] , [GH] 
it is Koszul. Let B ] be its Yoneda algebra [GM1UGM2], B [ n = Ext k B {K,K). 

k>0 

The algebra B' n has the same quiver as B n and relations orthogonal with respect 
to the canonical bilinear form, it is easy to see that B n has the following form: 

n 

B' n = K q [X 1 ,X 2 , ...X n ,Y 1 ,Y 2 , ...Y n , Z]/{Xf , Y 2 , ^Y + Z 2 } , 

i=0 

where K q [Xi, X 2l ...X n , Y\,Y 2 , ...Y ni Z] denote the quantum polynomial ring. 

K < Xi,X 2 , ...X n , Yi,Y 2 , ...Y n , Z > /{(X i ,X j ),{Y i ,Y j ),(X i ,Z),{Y i ,Z)}. Here 
(u, v) denotes the anti commutators uv + vu. 

The polynomial algebra C n = K[X±,X 2 , ...X n , Yi, Y 2 , ...Y n , Z] is a Koszul al- 
gebra with Yoneda algebra C' n = K q [X t ,X 2 , ...X n , Y±,Y 2 , ...Y n , Z]/{Xf, Y 2 }. The 
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Weyl algebra is defined by A n = K < X 1 ,X 2 ,...X n ,Y u Y 2 ,...Y n ,> /{[X t ,Y 3 ] - 
dij, [Xi, Xj]\ [Yi, Yj], [Xi, Z'}, [Yi, Z\}. 

Observe we obtain C n as a quotient of B n and C' n is a sub algebra of B' n . 

These algebras are related as follows: B n /ZB n = C n and B n /(Z — l)B n = A n 



The algebra B' n is a free Cjj-module of rank two. 
In fact we have: 

Proposition 1. There exists a C' n -module decomposition: B' n = C' n 



ZCl 



We consider now a finite group G of grade preserving automorphisms of B n . 

It was proved in [MMo ] that the center of B n is K\Z\ and any automorphism 
a € G takes the center to the center, and since a is grade preserving o~{Z) is an 
homogeneous element of degree one, hence a(Z) = X a Z. We are assuming G has 
finite order m, it follows a m (Z) = Z = \™Z , and A<j is an m-th root of unity. If 
we denote by VT the group of m roots of unity, there is a group homomorphism 
77 : G — > VT given by rj(a) = X a , since VI is a cyclic group the image of 77 is 
cyclic and we have a group extension: l^N^G^Zk^O with Zk the cyclic 
group of order k and N is the subgroup of G such that for every a in G, o{Z) = Z. 

Since B n is generated in degree one, the action of G on B n is determined by the 

n n 

action on M = (B n ) 1 = © KX l © ( © KYi) © KZ. 

i—l i—1 

To determine the structure of G we need to look for automorphisms of M which 
leave KZ invariant and preserve the relations: [Xi, 5j]=dijZ 2 , [Xi,Xj]= [Yi,Yj]= 
. 

For any element cxof G we have equations: 



*(Xi) = 
*(Y fc ) 



E A 2i- 

i=l 



L,2j-lXi 



E A 2i,2j- 
i=l 



iYi+ M ,Z 



+ E A 2A2fcY^ + Z/feZ 
£=1 

AZ. 



X) A 2£-1.2A:^ 
i=l 

a(Z) 

We must have equalities: 

aiXjXk-XkXj) = = o-(X,)o-(X k ) - a(X k )a(Xj). 

Using the relations that define B n , we obtain after cancellation the following 
equation involving 2x2 determinants: 



i=l 



^2i-l,2j-l 
^42i-l,2fc-l 



^2i,2j-l 
^2i,2fc-l 



(XiYi-Y.Xi)^ 0. 



Since for every i we have X^Y^— YjXj=Z 2 , it follows: 

^2i-1 .2i-1 A 2 i.2j-1 
^2i,2fc-l 



E 



i2i-l,2.7-l 
^2i-l,2fc-l 



=0. 



We may assume j < k. Using that a matrix and its transpose have the same 
determinant we obtain the equivalent relations: 



1 



E 



A 2i -i. 



2j-l 
i-2i,2j-l 



^2i-l,2fc-l 
^2i,2fc-l 



=0, for all j, k with j < k. 



In a similar way, for we obtain from the relation: 
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cr(YjYfc— YfcYj) = = a(Yj)a(Yk) — a(Yk)cr(Yj), the following equation: 



2) 



»=i 



A 



2j-l,2j 
l2i,2j 



^2i-l,2fc 
^2i,2fc 



=0, for all j, k with j < k. 



From the relation: 

criXjYj-YjXj) = ^(XjXYj) - C 7(Y J )c7(X j ) = cr(Z 2 ) = A 2 Z 2 , the following 

equation: 

A2i-l,2j-l A 2 i-i.2j 
A-2i,2j-l A 2 i,2j 



E 



(X^-Y.X^A 2 Z 2 . 



Since for every i we have X^Y^— YjXj=Z 2 , it follows: 



3)E 



A2i-l,2j-l 
A2i,2j-1 



A2i-l,2j 
A 2 i,2j 



A 



With similar calculations, from the equation: 

^(XjYfc-YfcXj) = = tr(Xj)tr(Y fc ) - a(Y fe )a(X J ), for fc ^ 0. 
we get the equation: 

A2,:_1. 2-1-1 ^2i-l,2fc 
^2i,2fc 



E 

i=l 



I2i-l,2j-l 
A2i,2j-1 



(XiYi-YiXi) = 0. 



which implies: 



4)E 



A2i-l,2j- 

A 



2j-l 
2i,2j-l 



A2i-\,2k 
A 2 i,2k 



, for z 7^ fc. 



We have proved the following: 



Theorem 1. Lei J3„ &e i/ie homogenized Weyl algebra in n+1 generators. Then 

n n 

an automorphism a of M — © KXi ( if li) ® ifZ, iwii/i matrix in block 

i=l 

A 
p A ' 



form: V , w/iere p is ffte vector: p = p 2 , ...p n , fi, i^-.^n) awrf A ^ 0, 

p A J 

extends to an automorphism of B n if and only if A satisfies the following equations: 

A2i-l,2j-l A 2 i-\.2k-\ 



i=l 

n 

^E 

n 

*;E 



A 2i 



2i,2fc-l 



t ^ k. 



i=l 



A2i,2j-1 

A2i-l,2j A 2 i-\,2k 
A 2 i,2j A 2l ,2k 

A2i-l,2j-l A 2 i-\.2i 
A 2 i,2j-1 A 2it2 j 



0, for all j, k with j < k 
0, for all j, k with j < k. 

n 

a 2 ^ E 



1=1 



A2i-l,2j-l 
A2i,2j-1 



A2i-l,2k 
A 2l .2k 



, for 



A particular case is obtained when p = 0, A = 1 and the matrix A satisfies 

A 2 i-i, 2 i-i A 2 i-\^i 

A 2 i.2i-\ A 2 i t 2i 

This is the product of n matrices of seize 2x2 and determinant one. 



= 1 for all i and all remaining 2x2 minors of A are zero. 



Corollary 1. Let G\, G 2 , ...G n be finite subgroups of SI (2, K),then the product G = 
G\ x G2 x ... x G n acts as automorphism group of the homogenized algebra in n+1 
variables, B n . 
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2. Structure of the homogenized Weyl algebra B n 

AND ITS SKEW GROUP ALGEBRA B n * G. 

In this section wc study the structure of the homogenized Weyl algebras B n . 
We will see that they can be obtained from the homogenized algebras Bi, Bj with 
i + j = n, as follows: B n = Bi ®k Bj/(Z ® 1 — 1 ® Z)Bi ®k Bj. This result is 
very similar to the situation of the Weyl algebras for which it is well known [Co] 
that for i + j = n, there is an isomorphism of K- algebras: A n — Ai <E>k Aj or the 
polynomial algebras d — K [X\, X 2 , ■■■X i ] , Cj = K[X. i+ i, X i+2 , ...X n ] for which 
the isomorphism C„ = C, ® C n ~i is well known. 

Theorem 2. For integers n, m > let B n , B m and B n+m be the corresponding 
homogenized algebras. Then there exists an isomorphism of graded K-algebras: 
B n+m = B n ® K B m /(Z Z)B n ® K B m . 

Proof. The algebras B n , B m and B n+m can be written as: 

B n = K < X 1 ,X 2 ,...X n ,Y u Y 2 ,...Y n ,Z > /{[X t , 5 3 ] - %Z 2 , [X t ,X,], [Y t ,Yj], 
[Xi, Z l ], [Yi, Z 1 ]} 

B m — K < X n+ i, X n+ 2, ■ ■■X n +m, Y n+ i, Y n+ 2, ■■■Yn+m, Z > — dijZ , 

[XuXj], [Yi, Yj], [X U Z\ \Yi,Z']} 

Bn+m = K < X\, X 2 , ...X n+m , Y\, Y 2 , ...Y n+m , Z > /{[Xi,5j] — d^Z , [Xi,Xj], 
[Yi,Yj], [X U Z% [Y U Z 1 ]}. 

Then there are natural inclusions: ip 1 : B n — > B n+m and (p 2 '■ B m — > B n+m given 
by: ^(Xj) = Xj, Vi (Yj) = Yj, <p t (Z) = Z and i = 1, 2. 

Let ji : B n B n+m and j 2 : B m B n+m , be the inclusions ji(6i) = h (g) 1, 
and j 2 (b 2 ) = 1 ® b 2 . Since multiplication is bilinear we have a vector space map: 
(p : B n ® K B m -» B n+m given by ip(bi ® b 2 ) = ip 1 (bi)tp 2 (b 2 ), such that the diagram: 

B n 4 B n <E) K B m < — B 

rn 

*) <Pi \ if 1/^2 

Bn-\-m 

commutes. 

Since f>i{b\)ip 2 {b 2 ) = f 2 {^2)f\{b\) with b\ <G £?„, &2 <= B rn , 93 is an algebra 
homomorphism. It is clear ip is surjective and ip(Z ® 1 — 1 <g> Z) = 0, hence (Z (g> 
1 — 1 ® Z)i3 ra ®k B m is contained in the kernel of ip. We will prove that they are 
actually equal. 

Let b be an element of degree t in the kernel of (p. 

The element b has the following form: 

]T C a ,p, k X a YPZ k <B>B a ,#. tt x£Y£z l , with X" = X^X^ ...X%» , 

Vf3 _ vftvfc V* 3 " anrl V Q ' — V Q 'l V Q 2 Y a 'm V 0' _ V^'l V"^2 V'' 3 "™ 

1 — M 1 2 ■■■ i 'tl anu yv m — v\ n+1 v\ n+2 ...^- n+m , I m — 1 n+1 1 n+2--- 1 n+m- 

Assume k > 0. 

Then j^y^ox^'y^'z* = x Q y 3 z fe - 1 ®x^'r^'z £ (z«)i) = x Q y 3 z fe - 1 ® 
yl m z \ z ® i - 1 ® ^) + x Q y 3 z fc - 1 o x«'y^'z £+1 . 

By induction, 

C aij 9,fc X Q F^Z fc ® Brtf^XgY? Z l =g(X, Y, Z)(Z® 1 - 1 ® Z)+C a ,^, fe ,x a y^ ® 
^a',/3',£,^'r^'z fe + £ and g(X,y,Z) an expression in X, y, Z.. 
Then 
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E C a ^, k X a Yf ) Z k ® B a ,^, A XiY£z i = G(X, Y, Z) (Z ® 1 - 1 ® 

r=fc+£ 

Applying <p to the above expression we get: 

l p(b)=0 = J2( E C a ^ M B a ,^ tl X^X^...X^Y^Y^...Y^ 

r=k+l 

y a ! v Q 2 y-«m v* 3 ' 1 V 13 ' 2 vP'm \ yr 
yX n+l yX n+2---^ L n+m I n+1 1 n+2--- 1 n+mJ^ • 

Using the fact X n+ jYi = YiX n+ j for 1 ^ i < m we obtain: 

E( E Ca, / 3,fcS Q ' !(3 ' ! £X" 1 X^ 2 ...X""X„| 1 X„| 2 ...X"^ m 

r=k+£ 

1 J 2 •••- r « - r ri+l- r n+2---- r ri+mJ Z/ ~ u - 

It follows: 

E C a , fi , k B a , >f) . tt X a Yf ) ® X«V^' = 0. 

r=fe+£ 

Therefore: 

E C<*,P,k,X a Y f 'Z k ®B a , t f ! , ie x£Y£z t = G(X,Y,Z) (Z®1-1®Z) 

a + £i + Je+,i! + c,' + /3' = t 

is an element of (Z ® 1 — 1 ® Z)i?„ ®x £? m , as claimed. □ 

Let A, r be AT-algebras and G, H finite group of automorphisms of A, T, respec- 
tively. Assume the characteristic of K does not divide neither the order of G nor 
the order of H. By the universal property of the coproduct, given a € G, r e i/, 
there is a commutative diagram: 

A 4 A ®x r 

<T I {<T,T)l 

a 4 A ®k r 

with (cr,r)(A®7) = a(A)®r(7), the homomorphism (<t,t) is an automorphism, 
such that (ct, t) = 1 implies a = 1 and r = 1. Hence G x H embeds faithfully in the 
automorphism group of A ®k T. 

The following proposition is well known: (see for example [CR]). 

Proposition 2. Let K be a field and G, H, finite groups. Then there is a natural 
isomorphism of finite dimensional algebras: K(G x H ) = KG®k K(H). 

Proof. We define a map tp : K{G x H) — > KG®kK(H) as ip(g, h) = g®h and extend 
it linearly. The map sends basis to basis, hence is a vector space isomorphism. It 
is easy to see it is also a ring isomorphism. □ 

We use this result to prove the following: 

Theorem 3. Let A, T be graded K -algebras and G, H finite group of (grade pre- 
serving) automorphisms of A, T, respectively. Assume the characteristic of K does 
not divide neither the order of G nor the order of H. Denote by A*G andT*H the 
corresponding skew group algebras. Then there is a natural isomorphism of (graded) 
K -algebras: A ® K T * (G x H) = A * G ® K T * H. 
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Proof. We have vector space isomorphisms: A <£>k T * (G x H) = A <E>k T <E)k K{Gx 
H) = A (g> K r ® K KG ® K K(H) = A(g> K KG(g> K T (g> K K(H) = A * G ® K T * H . 
We look to the action of Gx i7 on A ®^ T. 

Let (a, t) be an element of G x H and A <g> 7 e A ®x T.Then (<t,t)A (g> 7 = 
AV <g 7 T r = A CT <g> 7 T (cr, r) = A a ® 7 T ® ct ® t = A CT <g cr <g 7 T <g t = (cr <g r)(A <g 7). 
It follows A ®ic T * (G x H) = A * G ® K T * as (graded) algebras. □ 

Corollary 2. Let K- be a field of zero characteristic, B n , B m homogenized Weyl 
algebras and G, H , finite groups of grade preserving automorphisms of B n and 
B. m ^respectively. Assume for all a e G and r e H , cr(Z) = Z and t(Z) = Z. Then 
G x H acts on B n+m and there is an isomorphism of graded algebras: B n+m * (G x 
H) = B n * G ®k B m * H/(Z Z)B n *G® K B m * H. 

If we denote by B n *J% , B^, B^ the rings of invariants, then we have an iso- 
morphism of algebras: B%*£ ^ B% ® K B% jZ <g> 1- 1 <g> Z)B% ® K B%. 

Proof. Given a e G, r e H, we have a commutative diagram: 



B n 


4 


B n 


®K B m 




B m 


I 




a 


(gr| 




It 


B n 




B n 


®K B rn 


h 


B m 




<Pi \ 




i V 


1/ ¥2 





n n 

Let ^2bi 6- be an element of the kernel of (pa r. Then ip( ^abi rfr-) = 0. 

n 

By that above description of Kenp, X)<r&i ® r ^ = 9{ x , Y , z )( z ® 1-1 ® Z). 

i=l 

Therefore: 

n 

J> <g =((<t- 1 , r- 1 )(.g(X, Y, Z))^- 1 ^ ® 1-1 ® T - 1 Z)=g^{X, Y, Z)(Z ® 1-1 ® Z). 

It follows i4Ter</?(T®T=(Z®l-l®Z)i3„®^:i? m and the map ipa®T factors through 
B n+m , denote by a <g r the induced map, which is clearly an automorphism of B n+m 
such that the diagram: 



5„ 












C7 <g> T 4- 


It 






R Jfl- 





The above diagram *) induces a commutative diagram of graded algebras and 
homomorphisms : 

B n *G 5 B n ® K B m (Gx H) B rn * H 

B n+m *(GxH) 
There is an exact sequence: 

0^ (Z®1- mZ)B n ® K B m (GxH) B n ® K B m (GxH) -> B n+rn *(GxH) ->0 
From the isomorphism (B n <E>k B m ) * (G x H) = B n * G <E)k B m * H , it follows 
Bn+m * (G x H) = B n * G ® K B m * H/(Z <g> 1-1 ® Z)B n *G® K B m *H. 

Now let e = \/\G\Y,9, and / = l/\H\ Y, h be elements of KG and KH, 

g£G h£H 

respectively. The elements e and / are idempotents, it is well known and easy 
to prove that the rings B% and B^ are isomorphic e(B n * G)e and f(B m * H)f, 
respectively. 
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Under the isomorphism K(G x H) — >■ KG <E)k KH the idempotent (e, /) = 
l/\GxH\ (flS ^) correspond to e <£> /. 

Then from the isomorphism: (B n ®k B m ) * (G x H) = B n * G ®k B m * H we 
get an isomorphism: 

(e, /)(B n ® K B m ) * (G x fl")(e, /) S* e ® /(B„ * G ®k B m * H)e (g> f = e{B n * 
G)e ® K f(B m * H)/. 

Therefore (B„ ®k S m ) GxH £* B G ® K B£. 

It follows (e,f)(B n+m )*(GxH)(e,f) = B^ = (e® f){B n *G® K B m *H){e® 
f)/(Z ® 1 - 1 ® Z) = e(B„ * G)e ® K /(B m * #)//(£ <8> 1 - 1 <8> Z). 
From this we have the isomorphism of algebras: 

= B% ® K B% /{Z ® K □ 

For Weyl algebras we have the following analogous of the previous theorem. 

Theorem 4. Given finite groups of automorphisms G, H of the Weyl algebras 
A n and A m , G x H acts as a group of automorphisms of A n+m and there is an 
isomorphism of K -algebras, A°+" = A% ® K A%, where A^+", A% , A%. 

3. The Weyl algebras B 1} and Ax and their skew group algebras 

Bi*G AND A 1 * G, WITH G A FINITE SUBGROUP OF 5/(2, C). 

In this section we describe the basic algebras Morita equivalent to B\ * G and 
A\ * G by quivers and relations. To achieve this we will make use of the following 
result, [AR], [L], [C-B]: 

Theorem 5. For any subgroup G of 52(2, C) the skew group algebra C[X,Y] * G 
is Morita equivalent to the preprojective algebra of an Euclidean diagram. 

We will end the section sketching the situation for a product G — G\ x Gi x ...G n 
of finite subgroups Gi of 5/(2, C) acting on B n and on A n . 

We start by recalling the situation of C[X, Y] * G, following the approach of 
[GuM] and take the opportunity to correct some inaccuracies. 

Recall the construction of a McKay quiver of a finite subgroup G of the linear 
group Gl(n,C). [ Mc] 

Let Si, 52, ...5„ be the non isomorphic irreducible representations of G and M 
the representation corresponding to the inclusion of G in Gl(n,C). Tensoring M 
with some Sj we obtain a decomposition in irreducible representations: M ®k Sj = 
(BaijSi. 

i 

The McKay quiver of G has vertices Vi, V2,~- v n , with each vertex Vi corre- 
sponding to an irreducible representation 5j and we put arrows from Vi to Vj . 

For the proof we will make use of the following well known result from ordinary 
group representations: 

Theorem 6. [Mu] Let G be a finite group and L a complex irreducible representa- 
tion. Then the dimension of L as C -vector space divides the order of G. 

We reproduce here the proof given in [Ste] of the following: 

Theorem 7. Let M be a C-vector space of dimension 2 and G a finite subgroup 
of the special linear group 5/(2, M).Then the McKay quiver has no loops. 
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Proof. For the proof of the theorem we have two cases: 
1) M is an irreducible representation. 

According to the previous theorem, 2 divides the order of G and by Sylow 
theorems, there exists an element g e G of order 2. Since g <E s/(2,M), by a 



change of basis PgP 







with AA' = 1 , and 



A 




A' 



A 




A' 



A 



12 



= -h 



m any case 



CG — > S an epimor- 



A 
H A' 

A z 

A/i + X'p 

Therefore: A 2 = 1 = (A') 2 and either A = A' = 1 or A = A? 
p = and g is in the center of G. 

Let S be another irreducible representation of G and <^ 
phism. 

Let's suppose g — 1 is not in the kernel of ip. Then there exists s' e S 1 with 
(5— l)s' 7^ 0. Since S is simple, for any s e S, s ^ 0, there exists p e CG such that 
p(.g - l)s> = s and p(.g - 1) = (g - l)p. It follows (g + l)s = (g + \){g - l)ps' = 
(g 2 — l)ps' = and gs = — s. 

This means that g acts on 5* cither as the identity or as —1. 

If g acts as —1 on M, and as 1 on S, then g acts as -1 on M ®k S and S can 
not appear as a summand of M ®k S and if g acts as —1 on M and as —1 on S, 
then it acts as 1 on M ®k S and again S can not be a summand of M ®k S. 

We have proved that in this case the McKay quiver has no loops. 

2) The representation M is reducible, this is: M — Mi © M 2 and dime Mi — 
dim c M 2 = 1. Let's say that Mi is generated by m-iand M 2 is generated by m 2 . 
If the order of G is n, then for any g G G, g(mi) = Ximi and g(m 2 ) = A 2 m 2 with 
Aiand A 2 n-th roots of unity. 

" Ai 

A 2 

There exists an injective homomorphism from G to the group of nth roots of 
unity, \f\ given by g — > Ai, hence G is cyclic and all irreducible representations 
have dimension one. 

Let Cs — S be an irreducible representation G —< g > and gs = ts. 

Suppose M ® K S = Si © S 2 - Then Mi ® S = Si and M 2 ®S = S 2 . 

Assume S — Si, then mi <Ei s = s' , s' E S and s' = rs. It follows g(mi <Ei s) = 
(/(mi) © <?(s) = Aimi ® ts = g(rs) = rts = tAi(mi <£> s) = tAirs. Therefore Ai = 1 
and 5 is the identity. 

We have proved the McKay quiver has no loops. □ 



The element g has form: g 



with Ai. A 2 =l. 



We sketch here the arguments used in [GuM] to prove the theorem. 

Let G be a finite subgroup of Sl(2, C), which extends to a group of grade pre- 
serving automorphisms of C[X, Y]. The algebra C[X, Y] is Koszul with Yoneda 
algebra the exterior algebra A = C < X, Y > /{A 2 , Y" 2 , XY + YX}, it was proved 
in [MV1] that G acts in a natural way as an automorphism group of the Yoneda 
algebra, hence G is a sub group of the automorphisms group of A. 

It was also proved in [MV1], that the skew group algebra C[X, Y] * G is Koszul 
with Yoneda algebra A * G. 

The algebra A is selfinjective of radical cube zero. It follows from [RR], A * G 
is selfinjective of radical cube zero. Hence C[X, Y] * G is Artin-Schelter regular of 
global dimension two [Sm] , [MV4] . It is also clear that C[X, Y] * G is noetherian. 
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Consider now an arbitrary Koszul C-algebra A and G a finite group of automor- 
phisms of A. Given a complete set of primitive orthogonal idempotents ei, e2,... e„ 
of CG, they are also a complete set of orthogonal idempotents of A * G and taking 

n 

e = X) e i' the algebra e(A * G)e is basic and Morita equivalent to A * G. 

i=l 

There is a natural isomorphism: 

Ext k A ^ G (CGe, CGe) S eExt\ ifG {CG 1 CG)e 

By the Morita theorems applied to graded algebras [MV4], the functor i/oTOA»c(A* 
Ge, — ) induces an equivalence of categories Gr\*c — Gr e A*Ge • 
It follows that for each k > 0, there is an isomorphism: 

Ext k A ^ G (CGe, CGe) S Ex^^eCGe, eCGe). 

Using this two isomorphisms and adding up, we get an isomorphism of graded 
if-algcbras. 

e( Ext\, G {CG,CG))e S Ex1^ Ge (eCGe, eCGe) 

k>0 k>0 

In particular when A is the exterior algebra in two generators we have: 
C[X, Y]*G = © Ext k A ^ G (CG, CG) and 
e(C[X,F] * G)e S © £a;^ A , Ge (eCGe, eCGe). 

k>0 

The algebra e(A * G)e is basic Koszul selfinjective of radical cube zero with 
Yoneda algebra the basic noetherian algebra e(C[X, Y] * G)e. 

It follows from [GMT] that the separated quiver of e(A * G)e is an Euclidean 
diagram Q. 

It is easy to check that the quiver of e(C[X, Y] * G)e is the McKay quiver of 
G, by Theorem ?, this quiver does not have loops. By the properties of Koszul 

A 

algebras e(C[X, Y] * G)e and e(A * G)e have the same quiver Q . 

A 

We know by [GMT] Q is a translation quiver with translation r the Nakayama 
permutation, but soc(A * G)e{ = J 2 * Gei , and since A has simple socle J 2 = K . 
Then soc(A * G)ei = KGei = top(A * G)ei and t is the identity. 

A A 

The quiver Q is the complete quiver of an Euclidean diagram, this means Qq — 

A 

Qq and Q 1 — Qi U Qj p , with Q an Euclidean diagram. For each arrow a : i — > j in 

j 

Q we have an arrow a 1 : j — > i in Q : « « . 

fc 

Since (A * G)e, has simple socle, for any pair of arrows a : i — >, /3 : i — > fc, there 
is a non zero c e if , such that a _1 ci! = cji~ x ji. If we assume Q is a tree then we 
can change the maps b : (A * G)ej — > (A * G)ej corresponding to the arrow j3 by 
cb and we get an arrow which we denote again by f3 such that a a = /3~ L j3 and 

A 

we obtain an isomorphism e(A * G)e = K Q/ 7, where / is the ideal generated by 
relations: oT Y a — fi" 1 fi , aa^ 1 — and ad if 5 ^ a -1 , (5a if <5 7^ a -1 . 
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From this is clear that e(C[X, Y]*G)e = K Q/I^, where I 1 - is the ideal generated 

h 



ai /' \ a 1 1 k 

by mesh relations: i — > ji ~~ ^ i i this is ^ a:^ 1 ^ e J- 1 . 

3k 

We have proved e(C[X, Y] * G)e is isomorphic to the preprojective algebra. 

The case A n is the skew group algebra corresponding to the cyclic group Z n and 

has to be considered separately, since for A n it is not clear that we could choose the 
arrows in the algebra e(A * G)e in such a way that for any pair of arrows a, (3 with 
the same origin, a~ x a = j3~ l j3. 

We also need to prove that all preprojective algebras appear in this way. 

A full description of the quiver of a preprojective algebra and its relations with 
the McKay graph for finite subgroups of Sl(2,C) has appeared in several papers 
by authors like: Crawley-Boevey or Lenzing [L] , [C-B] . 

We now consider finite groups of automorphisms G of the homogenized Weyl 
algebra B n such that for all a e G, cr(Z) = Z and for all 1 < i < n, cr(Xj), 

n n 

a{Yi) g ®CX t ® ®CY { . 

i=l i=l 

Given a Koszul algebra A with Yoneda algebra T and a finite group of auto- 
morphisms G of A, we recall from [MV1] , how the action transfers to a group of 
automorphisms of T: 

Let M be a A-module and a e G, we define M a as the module with M a = M 
as vector space and multiplication given as follows: for A e A, m € M CT wc define 
A * m = \° ' m. 

In case M is a G-module, there is an isomorphism: ip a : M — > M a given by 
(p a {m) — am. Then tp a (\m) — a(Xm) = X° 'am = A * (p a {m). 

Now given an extension 5 G Ext\{Si, Sj), with Si, Sj graded simple modules: 

5 : Sj Ei —± E<i — > ...E k -+ Si 

we define 

a{8) : ^ SJ El E% ...E° k Sf 0. 

It is clear that the modules SJ,Sf are again graded simple and <r((5)eExt^(Sf ,SJ). 
In this way we have an isomorphism of G-algcbras: a : ® Ext\(A/J,A/J) — > 

k>0 

8 Ext k A (A/J,A/J) given by a(6 u 6 2 , ...5 n ) = (a{5 1 ),a(S 2 ), ...a(S n )). 

k>0 

In the particular case A = B n and T = B' n we want to see that for any group 
of automorphisms G of B n such that any element crof G has matrix form a = 

, with 4an-lxn-l matrix, the action of G on (B* n ) is such that 



1 

every a € G has matrix form a = 



* 
1 



, with un-lxn-1 matrix. 



The element Z of B' n corresponds to the extension: 
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—> 


J 




■> c 


-> 






1 


4-1 




-> 


J/J 2 




■> c 


-> 




1 




4-1 




— > 


gz 


-»• C[Z]/(Z 2 ) 


■> c 


-> 




;= 




4-1 




— > 


c 


-+ C[Z]/(Z 2 ) 


■> c 


-> 



The extension J = Z:04C4 GZ/(Z 2 ) -> G -> is such that both C and 
GZ/(Z 2 ) arc G-modulcs with trivial action. Then for any a E G, (CZ/(Z 2 )) a = 
CZ/(Z 2 ) and C a = C . Moreover a(S) = S . We have proved that in B [ n , a(Z) = Z 
for all a E G. 

We have an isomorphism: Ext B (C, C) = Hom,B n {J,C) = HomB n (J/ J 2 , G), 
where J/ J 2 S © CX, © © GF* © GZ. 

i=l »=1 

The element Xj of J?^ corresponds to the map: / : J — > J/ J 2 — > GXj ^ if 
applying the homomorphism awe get a map: : J CT — > (J/J 2 ) CT — > (CX i ) <T -H> C. 

But by hypothesis (^j) cr = ^A^Xj + FJ BijYj, hence in the expansion of / CT 
does not appear Z. 

For Yj e the situation is similar and the automorphism a of (Bjjihas form 

" W o " 



1 



, with [*] an-lxn-1 matrix. 



We want to use the previous remarks to describe B[ * G for G a finite subgroup 
of 5Z(2, G) with action on £?i as above. 

k 

Let ei, e 2 ,... e^ be a complete set of orthogonal idempotents of GG and e = FJ ej, 

i=l 

B\/ZB\ = Gi, the polynomial algebra in two variables. 

We saw in previous section eC\ * Ge is the preprojective algebra and its Yoneda 
algebra is the selfinjective radical cube zero algebra eC[ * Ge, with C[ the exterior 
algebra in two variables, and for any pair of arrows a : i — > j , : i — > fc in the 
quiver of eC[ * Ge there exists arrows aT 1 : j — > i and /3" 1 : fc — > i such that 
/3 _1 /3 and <5a = if (5 is an arrow different from a . 

We also saw in Section 1, that there is an isomorphism of G^-bimodules: B' n = 

cl®zcl 

If we assume G acts on B n in such a way that for a E G, o"(Z) = Z and 
cr(Xj), cr(Yi)is contained in the vector space generated by the X's and the Y's, then 
Gacts on the same way on B' n and we have an isomorphism: B' n * G = C' n * G © 
ZG„ * G of G„ * G-bimodules. 

which induces an isomorphism: e(_B^ * G)e = e(G n * G)e Ze(C' n * G)e of 
e(G^*G)e-bimodules. In particular, for n = 1, e(B[*G)e = e(C[*G)e(BZe(C[*G)e. 

The Jacobson radical of B[ is of the form: J = J c i © ZGj , with J c i the Jacobson 
radical of C[ . It follows the Jacobson radical of B[ * G is J *G — J c i * G © ZG} * G 
and (J * G) 2 = J 2 ! * G + Z( J c i * G)+ Z 2 C[ * G . But Z 2 = -XY E J 2 , , hence 
(J * G) 2 = J 2 ! * G + Z(J c i * G). 

Therefore: J * G/J 2 * G ^ J/ J 2 * G ^ J c; / J 2 1 * G © Z(G[ J c i * G) ^ J c i /J 2 ± * 
G © Z(GG). Then e( J * G/J 2 * G)e S e/J c i/J 2 cl * G)e © Ze(GG)e. Hence for 
1 < i < n, e t ( J * G/J 2 * G)e 1 = e 4 (J c i / J 2 ; * G)ej © Ze i (GG)e j . 



12 



ROBERTO MARTINEZ-VILLA AND JERONIMO MONDRAGON 



Since the preprojective algebra has no loops, e^J^i/J^i * G) e% = 0. In the 

other hand, for i ^ j, ei(CG)ej = and a{ J * G/J 2 * G)ei = ZCei. 

We have proved that the quiver of e(B[ * G)e has the same vertices and arrows 
as a preprojective algebra corresponding to an Euclidean diagram, and in addition 
a loop for each vertex. 

We shall next find the relations. 

Given an idempotent e'j {e±, e%,... e^}, there exists one of the idempotents ej 
and an isomorphism ip : CGe'j — > CGej, in particular ip(e'j) = e'^pej and ip~ 1 (ej) = 
ej^e'j with p, 7 e CG . Then ej = ejje'jpej and e' rj = e'jpetfe'j. 

Note that CXY = , and G acts trivially on XY. 

Let g e G, g{X) = aX + bY, g{Y) = cX + dY.Hcncc, g{XY) = g(X)g(Y) = 
(aX + bY)(cX + dY) = caX 2 + adXY + bcYX + bdY 2 = adX - bcY = XY, since 
det(g) = l.In consequence, XYei = e{XY = —e{Z 2 . 

n 

It follows XYei = e l XYe l = Y J e l Xe' J Ye l . 

i=l 

Consider paths of the following form: 

a k aT 1 

s \ 

i i 

\ / 
ejje'iYei j eiXe'jpej 

Where eiXe'jYei — eiXe'jpej'ye^Y 'ej. 

Since each indecomposable projective of e(B[*G)e has simple socle and e(B[*G)e 
is a radical cube zero algebra, there are constants Cj € C such that Cjor 1 ^ — 
e i Xe' j Ye l = e i Xe' j pe j ^e' i Ye l . 

n 

Therefore: aXY = ( J2 c j) a ^ a = koT^a = -eiZ 2 , with U e C - {0}. This is 

tior x a + Z 2 = 0, with Z, = Ze,. 

In a similar way we obtain relations t^cta^ 1 + Z 2 = 0, a _1 a and aa: _1 are paths 
in e(C[ * G)e . 

The element Z of B[ anticommutes with X, Y and commutes with all the ele- 
ments g of G. Then Z anticommutes with a and a -1 . This is Z^a = —aZi. 

It follows: = t^aar x OL + Z 2 a — tiaa~ x a + aZf, then aa^'a + {Z 2 /tk)a = 
aa~ 1 a + aZf/ti. 

We have the following equalities: aZ 2 /ti = (aZ)Z l /t l = -ZaZ/t l = (Z 2 a)/ti — 
{Z 2 /tk)a = (Z 2 a)/tk- Therefore tk = k f° r an i pair of vertices i, k connected by 
an arrow. By connectivity, tk = k for all k, i. 

Assume every element of K has a square root and let c = ffik, we can make a 
change of variables, Zk = Z/c to get relations: {zua + az i} for every arrow a, and 
uoT 1 + zf, or X Q + z 2 } = R 

A 

We have proved the algebra e{B\ * G)e is isomorphic to the quiver algebra KQ / 

A A 

R , with Q = Qo an d Q 1 — QiU<5° p U{zi | i € Qo} and Q an Euclidean diagram. 

A 

Using Koszulity, e(B\ * G)e is isomorphic to the quiver algebra KQ / R , with 

A A 

Q = Qo and Q 1 = QiU Q°^ U {zi \ i <G Qo} and Q an Euclidean diagram and i? x 
the orthogonal relations: R 1 - = {zka — aZi, ctjCtJ 1 — z 2 , aj x aj — z 2 }. 
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For the first Weyl algebra we have: e(A\ * G)e = e(B\ * G)e/(z — l)e(B\ * G)e. 

A A 

It follows Ai *G is Morita equivalent to an algebra with quiver Q, such that Q = 

A 

Qo and Q i = Qi U Q op and Q an Euclidean diagram and relations {J2 &j a j — e k, 
^2 a J la j — e i}- This means, e(A\ * G)e is the deformed preprojective algebra. 
We state the previous results as a theorem: 

Theorem 8. Let G be a finite subgroup of SI (2, K), with K afield of zero charac- 
teristic and containing the square root of each element. Let A\ be the first Weyl 
algebra and B\ its homogenized algebra. The group G acts as a grade preserving 
automorphism group of B\, fixing Z and sending X and Y to a linear combination 
of X and Y. Then G acts in the same way on B[, the Yoneda algebra of B\, and 
G acts as a group of automorphisms of A\ . The skew group algebras Bi*G, B[*G 
and A\ * G are Morita equivalent to the algebras defined by quivers and relations 
as follows: 

, A 

i) The skew group algebra B X *G is Morita equivalent to the quiver algebra KQ 

A A 

/ R, with Q o = Qo and Q i = Qi U Q op U {zi \ Vi € Qo} an d Q an Euclidean 
diagram and R — {z k a + az i} for every arrow a, and ctaT 1 + zf , oT x a. + zf} . 

A 

ii) The skew group algebra Bi*G is Morita equivalent to the quiver algebra KQ / 

A A 

R- 1 , with Q o = Qo andQ i = QiUQ° p U{zi | Vi <E Qo} and Q an Euclidean diagram 
and R the orthogonal relations: R = {zka — azi, ajaj — zf, cnj ctj — z|}. 

A 

Hi) The skew group algebra A\ * G is Morita equivalent to the algebra K Qj I, 

A A 

such that Q o = Qo o,nd Q i = Qi U Q° p and Q an Euclidean diagram and relations 
1 = {J2 aj^j 1 - e k, E a J la j - ej. 

We want to sketch the situation for groups of the form G = GixG2X...xG„, such 
that Gi is a finite subgroup of 5/(2, G) acting as subgroups of the automorphism 
group of the homogenized Weyl algebra B n . 

We will recall first the description by quivers and relations of the tensor product 
of two quiver algebras. 

Let K be a field of zero characteristic and let A = KQ\jL\ and T = KQ2/I2 be 
two graded quiver algebras, Q the quiver of A T and / an admissible ideal of 
KQ such that KQ/L = A <S>k T. We next describe Q and I. 

Let { ei, e2,... e„} and { /1, /2,--. f m } be complete sets of orthogonal primitive 
idcmpotents of A and T, respectively. Then {ei (8) fj \ 1 < i < n, 1 < j < m} is a 
complete set of primitive orthogonal idcmpotents of A (£>k T. This means that the 
quiver Q has vertices Qo = (Qi)o x (Q2)o, where the pair (vi,wj) corresponds to 
the idempotent ei ® fj and Vi is the vertex corresponding to and Wj the vertex 
corresponding to fj . 

The arrows otk ■ v; t — > Vj in (Qi)i correspond to elements au € e^r^Ci — ejr\ei 
and the arrows [3 k : Wi — > Wj of (^2)1 correspond to elements bk & fj^rfi — fj r rfi- 
We have in Q arrows Q\ = {Q\)\ x (^2)0 U (Qi)o U {Q2)i- This is to an arrow 
a : Vi — > Vj in (<5i)i and a vertex w k of (Q2)o corresponds an arrow (a, Wk) ■ 
(vi,w k ) -> (vj,w k ) of Qi associated to a <g> f k e e l ® fk(rA® K r)ej ® fk - &i ® 
/fc( r A® K r) e j ® fk- Similarly, to an arrow j3 : Wi — > Wj of {Q2)i and a vertex v k 
of (Qi)o corresponds the arrow (ufc,/3) : (v k ,Wi) — > {v k ,Wj) of Qi associated to 
e fc ® b e e fc <g> / l (r A ® K r)efc <E) fj -e k ® ft{r 2 A(g)KT )e k <E> fj. 
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Given paths aia.2.-.a r : Vi — > Vj and j3 1 l3 2 ...j3 s ■ Wk — > W£ in Qi and Q; 2 , 
respectively, there are paths (a\a.2---tt r , w): (vi,w) — > (vj,w) and (v, /3 1 /3 2 -../3 s ) ■ 
(v,Wk) — > (v,wg). Now it is clear that given readable relations p = X) c *=7*: m 
and p' = X^fc7fc m ^2 there are induced readable relations (p, w) = J2 c k{lk' w ) 
and = J2 b k(v,Y k ) in ATQ. 

If we have two arrows a : v 2 — > Ui and /3 : u> 2 — > w>i in Qi and Q 2 , respectively, 
the we have maps: 



A ® K Tei ® /1 "W 1 A ® x re 2 ® /1 
I ei ® 6 I e 2 (8> 6 

A <x>k re 2 <g> /1 a ^/ 2 A <x>if re 2 (g) / 2 



making the diagram commute. 

Hence we have in / a commutative relation C ta p = (t> 2 , /3)(a±, w\)— (ai, w 2 )(t>i, /3). 

Then J is the ideal generated by the relations {{/9}x(Q 2 )o|pa readable relation 
in h}U{ (Qi)o x {//} | p'a readable relation in / 2 }U{ C Q /3 | a € (Qi)i, P S (Q 2 )i}. 

We obtained the description of Q and J such that KQ/I = A ®k I\ 

We return to the case G = G\ x G 2 with Gi, G 2 finite subgroups of Sl(2,C) 
acting in the way above described as an automorphism group of B 2 . 

Taking complete sets of primitive orthogonal idcmpotents { e\, e 2 ,... e^} and 

{ fi, fii--- ft} °f KGi and KG2, respectively, Letting e, / be the idempotents 

k i 

e=^ei and / = fi we saw above e(B\ *G±)e and /(-Bi *G 2 )/ are preprojective 

i=l i=l 

A A 

algebras of Euclidean diagrams, e(B\*G\)e = K Q 1 /h and /(-Bi*G 2 )/ = if Q 2 /h 

AAA 

the quiver Q 1 is of the form (<3i)o = (Qi)o, (<3i)i = (Qi)i U (Qi P )i U{zi | Vi € 

(Qi)o} and (Q 2 )o = (Q 2 )o, (Q 2 )i = (£2)1 U (Q 2 p )i U {z 4 | w 4 e (Q 2 ) } with Q x 
and Q2 Euclidean diagrams, and Ji, 7 2 the ideals described above 

Then e ® /(Bi * Gi <8> K Bi * G 2 )e ® / = e(Bi * Gi)e ® K f(B 1 * G 2 ).f S K 

A A 

Q x //i <x> K Q2/I2 is the tensor product of two algebras related to preprojective 
algebras of Euclidean diagrams, as described above. 

We have 1 ® Z = J2 e i ® ^/j and Z <g> 1 = X^ e * ® /j> bence (Z <g> 1 - 1 <g> Z) is 

the ideal generated by readable relations ® Z/j — Zej ® /j . 

Therefore in (e, /)(B 2 * (Gi x G 2 ))(e, /) Si (60/(5! * Gi ®^ Bi * G 2 )e® 
1 — 1 (g> Z) we are identifying the two loops <g> Z/^ and Zej ® /j . 

Then B 2 * (Gi x G 2 ) can be completely described by quiver and relations: it has 
the same quiver as the tensor product of two preprojective algebras of Euclidean 
diagrams and in addition a loop in each vertex, the relations are naturally induced 
from those in each preprojective algebra as studied in detail above. We leave to the 
reader to write explicitly the quiver and relations as well as the induced relations 
in (e,f)A 2 (G 1 x G 2 )(e,/) S ((e, f)(B 2 * (G x x G 2 ))(e, f))/(Z - 1). Observe that 
from this could also give a full description of the relations in B 2 1 2 and A 2 1 2 . 

By induction a full description by quivers and relations of the basic algebras 
Morita equivalent to B n * (G\ x G 2 x ...G„) can be given, the algebras come from 
iterated tensor products of preprojective algebras of Euclidean diagrams and addi- 
tional loops for each vertex and naturally induced relations. 
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4. The algebras C[X] * G and C[X] G , with G a finite subgroup of 
Gl(n,C), SUCH THAT no a e G, a ^ 1, HAS a fixed point. 

In this section we study the relations between the categories of finitely generated 
modules vaodc[x]*G an d modcrjfpj where C[X] * G is the skew group algebra and 
G[X] G the invariant ring of a finite subgroup of Gl(n,C), such that no a G G, 
a ^ 1, has a fixed point. 

More precisely, we prove that after killing the modules of finite length, the cat- 
egories modc[x]*G an d niodc[x]G are equivalent. These results generalize known 
results for C[X, Y] and finite subgroups of Sl(2, C), [C-B]. 

Lemma 1. Assume G is a finite subgroup of Gl(n,C). Then G acts naturally on 
the polynomial ring in n variables C[X] and the invariant ring C[X] G is the center 
ofC[X]*G. 

Proof. It is clear C[X] G is contained in the center of C[X] * G. Let v G Z(C[X] * G) 

be an element in the center, v — c g9 an d c g e C[X}. 

gee 

For any X { v = vX { for any JQ. Then X { v = J2 c g X { g = J] c g gXi = J] c g X?g. 

seG g&G seG 

If c g 0, then Xf — Xi . Since Xi is arbitrary, g — 1 and w G G[X]. 

Now, = v 9 g = vg implies v — v 9 for all g G G and v G C[X) G . □ 



It is well known [Be], [Stu], C[X] G is an affine algebra and C[X] G ->• C[X] an in- 
tegral extension,, in particular, dimG[X] G = dimG[X] and the maximal spectrums 
max specC[X] G and max specC[X] are isomorphic [Ku]. 

Moreover, it is known [Be] that given a prime p of C[X] G and primes P, Q of 
K[X] above p, this is: PC\C[X] G = Q(~) C[X] G = p, there exists cr G G such that 
P a = Q and for any cr G G, P a n G[X] G = Ffl G[X] G = p. 

In particular for m a maximal ideal of G[X] G and maximal ideals m, n 2 of C[X] 
with m n G[X] G = G[X] G = m, there exists a G G with n2 1 —n\ and for any 
cr G G, nf is a maximal ideal with n\ n G[X] G = mH G[X] G = m. 

n 

The points w of V = GXi correspond to maximal ideals n v of C[X\ . In 

i=l 

particular, G V corresponds to the irrelevant maximal ideal no = (Xi,X2, ...X n ) 
ofC[X}. 

By hypothesis, for n / 0, the orbit of v under G, 0(v)= {cr(v) \ a G G} has 
order \0(v)\ — \G\ .The point v corresponds to a maximal ideal n such that n(~) 
C[X] G = m and there are |G| ideals above m and they are precisely {n a \ a G G). 
This is m is an unramified prime. 

In the case v = 0, for any cr G G, cr(u) = u and the maximal ideal no satisfies 
tiq = no for all a e G. 

The maximal ideal nofl G[X] g = mo has a unique maximal ideal, no, above it. 

We consider the two cases separately. 

a) The ideal m of C[X] G is maximal and different of mo- 

Let n^with a G G be the set of all maximal ideals of C[X] above mo, hence 
mC[X] C n n ff . It follows ^mC[X] = n n a , the radical of mC[X\. 

It is clear that for any r G G, ( n n a Y = n n CTT = n n CT and V™G[X| is 
G- invariant. 
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By the Chinese Remainder Theorem, C[X]/ v /mC[X]= C[X]/ n n a = J] C[X]/n a . 

Since C[X]/n ^ Cv, ]J C[X]/n a ^ J] Gv a , with 1 = £ v ° , an d { v a } aeG is a 
o-eG o-eG aeG 

complete set of primitive orthogonal idempotents. 

For the skew group algebra we have the following isomorphism: 
C[X\* G/^/mC[X] * G ^{C[X\/y/mC[X\)*G =( U Cv a )*G. 

aeG 

Since FJ Gv^semisimple, it follows by [], GLYJ'* G/^J mC[X] * G is semismple. 

<tgG 

Let S be S — f\ Gv a , the group G acts transitively on the basis { v a } ae c of S. 

aeG 

We claim S * G is simple, it will be enough to prove that the center of S * G is 

C. 

It is clear that C is contained in the center. Let z <E Z(S*G) be an clement of the 

center, z ~ s ° a - Each s a has form s a = ^ c CT)t , r t> T ,then = X) c a ^v p v T = 
aeG reG tSG 

It follows w^z = v p s a (j = c a, P v p <J = zv p = s a av p = s a v pa a = 

aeG aeG aeG aeG 

c a. P aV pc 'a. Therefore: c a . pa v pa = c rT , p v p for all p, crand c CTiPCT = c a , p = for 

aeG 

It follows z S S, this is z = ^ c a v a and c CT G C.Hcncc, tz = ^ c a Tv a = 

ctGG _ _ aeG 

c a v aT T = c aV a T = zt and c aV aT = c aV a = c pT -iv p . It follows 

aeG aeG aeG aeG aeG 

c pT -i = c p for all p, t, in particular, c\ — c T and z = c\ ^ v T = cil. 

reG 

Since S" 3 C Z(S * G) we have proved S G = Z(S *G) = C. 

The element e = 1/ \G\ ^ g is an idempotent of ifG, hence a non zero idempo- 

ffGG 

tent of (G[X]/ v /mG[X])*G and e((C[X]/ ^/mC[X])*G) ^ 0. 
Being the algebra (C[X]/yJ mC[X})*G simple and the ideal: 
{{C[X]/^mC[X])*G)e({C[X]/^mC[X])*G) non zero 



(C{X]/y/mC[X})*G =((C[X]/v/mC[X])*G)e((C[X]/v/mC[X])*G). 
Case 2. 

In this case we have : C[X]* G / yj m C[X] * G ^{C[X]/no)*G S GG. 
Let ii, L 2 ,- the two sided maximal ideals of GG and Li, L 2 ,... i s maximal 
two sided ideals C[X] * G containing ^/ m GLY] * G. In particular, G[X] * G/Li = 

CG/Li = C and n L 2 = no * G. 

i=l 

Let {mi} ie i be the set of maximal ideals of GLY] G different from m , we have 
a natural homomorphism: 

* : G[X]*G^ f[C[X]/y/m^\X\)*GxC[X]*G/no*G, given by *( £ r g g) = 

iel geG 

(( J2 r g9+ \ / m i C[X])*G), r g 9 + n o * G), which has kernel ker <J = n( n nf)* 

9 eG ' ' geG *e J 

G) n (n * G) = ( n ( n nf ) n no) * G = 0, since ( n ( n nf ) n no) is the intersection 

iei aeG iei aeG 

of all maximal ideals of G[X]. The map ^> is an injective ring homomorphism. 
Denote by S the product f] s i * G = S and S = S x GG. 
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The map ^Psends the idempotcnt e = l/\G\ 9-> mto e = (( e i e )i where e = 

e+y/miC[X])*G). 

Then S e S = * GeS, * G) x CGeCG = J] $ * G x Ge=E x Ge. 

It is clear that V(C[X] * GeGpf] * G) is contained in E e Sfl *(C[X] * G) = 
(E x Ge) n f(G[X] * G). 

We want to prove they are equal. 

Let ((fj), ce) be an element of (E x Ge) n *(G[X] * G). This means that there 
exists an element r = Y] r g g G C[X] * G such that r — ri for all i € / and r = ce 
9 <■ 

in C[X] * Ge/riQ * Ge = GGe. Then r g g = ce + ft,e with h a polynomial without 

gee 

constant term. This implies for all g € G, r g = c + h and r g g = (c + /i)e G 

gee 

C[X] * GeC[X] * G. It follows (E x Ge) n #(GLY] * G) = *(GLY] * GeGLY] * G). 
We have a commutative exact diagram: 





1 4- 

0^ C[X] * GeC[X] * G -> T]^*GxCe 

-> G[X] * G -> n # * G x GG 

I 4- 
0^ C[X] *G/C[X] *GeC[X] *G -> GG(1 - e) 

4- 4- 




It follows C[X]*G/C[X]*GeC[X]*G is a subalgebra of a semisimple algebra, hence 
it is a finite dimensional G-algebra. 

We can identify the category of C[X]*G/C[X]*GeC[X]*G-modules with the cat- 
egory of C[X] * G-modules M with eM = 0. 

Let's assume more generally that R is a ring and e an idempotent of R. Then 
there is a functor Hom R (Rc, — ) : Mod R — > Mod e R, c , which is exact and it has a 
left adjoint Re<X> e R C - sucn that Hom R (Rc, Re<g> e R e M) = M. 

It follows .ffomfl(Re, — ) is a dense functor with kernel Mod R / RcR . 

The category A =Mod R/RcR = {M <G Moc?# | eM = 0} is a dense (Serre) 
subcategory of Mod R . [P] 

Given an exact sequence of i?-modules: 0— > L — > M ^ N applying 
the exact functor Hom R (Re, — ) we obtain an exact sequence of eRe -modules: 
eL -> eM -> eN -> 0, hence eM = if and only if eN = eL = 0. 

Given a dense subcategory A of Mod R we define the multiplicative system of all 
maps / : M — > iV such that the kernel and the cokernel of / are in A. 

We define a quotient category Mod R /A = (Mod R )^ (see [Ga], [P], [Mi]). 

The category {Mod R )^ is abelian and the quotient functor n : Mod R — > (Mod R )s 
is exact an it has the following universal property: Given an abelian category G 
and an exact functor F : Mod R — > C such that F(X) = for all X e A, there is a 
unique exact functor H : {Mod R )^ — > G such that i?7r = F. 
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Theorem 9. Let R be a ring and e an idempotent of R and A the category A 
={M G Modn | eM = 0}. Then there is a commutative diagram of categories and 

Mod R A Mod e Re 

functors: \. n 1= , with H an equivalence. 

Mod R / A 4 Mod e Re 

Proof. 1) The functor is dense. 

Since Homn(Re, — ) is dense, it follows is dense. 

2) The functor H is full. 

Let M and N be i?-modules and Re® e ReeM A M the map given by multipli- 
cation, taking the kernel and the cokernel of \x we get an exact sequence: 
— >■ .L — >• Re ® e R e eM A M — >• Mj Re M ->• . 
From the exact sequence: 

-)• eL -)• e(Re<g) eRc eM) A eM -> e(M/ ReM) -> and the fact efi is an 
isomorphisms eL = = e(M/ReM). 

Hence the multiplication maps Re£g> e ReeM A M and Re(g> e R, c e-/V A AT are 
isomorphisms in Modn/A. 

Re® eRc eM 

Given a map / : eM ->• eN the "roof Mi/ \ //l <g> / is 

M TV 
a map in Modn/ 'A such that when we apply the functor Homji(Rc, — ) we obtain 

Homn(Re, Re<g) eRc eM) 
maps: Homn(Re, ^) / \ Homn(Re, fi'l <g> f) , 

ffom K (Re,M) Hom R (Re,N) 
with HomniRe, fi), Homn(Re, fj,') isomorphisms. 
Hence H(jj,'1 <g> = /■ 

3) The functor is faithful. 

W 

Let s ■/ \ / be a map in Mo^r/ AThen the kernel and the cok- 

M ' N 
crncl of s arc in A. Assume H(fs~ 1 ) = 0. 

Hence, H{fs^ 1 ) = Homji(Re, f)Homn(Rc, s) _1 = and HomR(Re, s) an iso- 
morphism implies Homn(Re, f) = ef = 0. 

0^ eW A W 
From the commutative diagram: ef \. f 1 we get /j = O.But 

-> eAT A A^ 

j : eW — > 14^ is an isomorphism in Modn/ A. Therefore: / = and /s _1 = in 
Mod R / A. □ 

We come back now to the case of a finite subgroup G of Gl(n,C) such that 

no a € G different from the identity has a fixed point, G acting as a group of 

automorphism of the polynomial ring C[X] in n variables the idempotent e = 

1/ |G| 5 of GG is an idempotent of the skew group algebra C[X] * G such that 
sec; 

eG[AT] * Ge is isomorphic to the group of invariants GLY] G .The algebra G[AT] G 
is a sub algebra of C[X] and C[X] is finitely generated as G[AT] G -module. Let 
fit fi-,--- fm be the generators. The epimorphism p : ®C[X] G — > C[X] given 
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by p(7d72>— 7 m ) — J2lifi > extends to a map: p : @C[X] G e — > C[X]e of left 

i=l m 
A m 

C[X] G -modules p(j 1 e,-f 2 e ,---J m e ) = J2lifi e ■ Let eA = Ae = eXe e C[Jf] G e. 

i=i 

A A mm 

Then p(7 1 eA,7 2 eA,...7 m eA) = p(7 1 Ae,7 2 Ae,...7 m Ae) = Y,li X h e = (E7»/»e)A = 

i=l i=l 

m A 

(X^7i/» e ) e ^ and P is a ma P °f C[X] G — eC[X] *Ge bimodules. If M is a eC[X] *Ge- 
i=i 

module of finite dimensional over C, from the epimorphism: p®l : ®C[X] G e<8) e cnn*Ge 

m 

M -> CLY]e ®eC[v]*Ge-^ and the isomorphism: C[X] G e <8> e c[A-]*Ge — eC[-X] * 
Ge«)eC[v]*Ge^ = M we obtain that C[X]e ® eC [x]*GeM = C[X]*Ge ® eC [x]*GeM 
is finite dimensional over C. 

It is also clear that if M is a C[X] * G-module finite dimensional, then eM — 
H° m c[x]*G{ * Ge, M) is finite dimensional over C. 

To simplify the notation we will write R = C[X]*G and T — eC[X]*Ge = C[X] G 
and denote by Sr and St the categories of finite dimensional R and T-modules, 
respectively. 

The categories Sr and St are dense subcategories of the categories of finitely 
generated, mod^, mod T , R and T -modules, respectively. 
Then we have: 

Theorem 10. Let G be a finite subgroup of Gl(n, C) such that no a G G different 
from the identity has a fixed point, G acting as a group of automorphism of the 
polynomial ring C[X] in n variables and e the idempotent e = 1/ \G\ g of the 

skew group algebra C[X] * G. Writing R = C[X] * G and T = eC[X] * Ge = C[X] G 
and denoting by Sr and St the categories of finite dimensional R and T-modules, 
respectively and by mod^, mody, the categories of finitely generated, R and T 
-modules, respectively. Then there is a commutative diagram of categories and 

ffom B (Rc.-) 

modi? — > mocfr 
functors: Ittr I ttt > H an equivalence. 

modR/SR — > mody /St 

Before proving the theorem, observe that there is a graded version. 

The ring e(C[X] * G)e is a positively graded C-algebra with grading ( e(C[X] * 
G)e)k = e((C[X] * G)k)e, hence the isomorphism of C-algebras e(C[X] * G)e = 
C[JT] G induces a positive grading on C[X] G . In what follows we will assume C[X] G 
has this grading and denote by R and T the positively graded C-algebras C[X] * G 
and C[X] G , respectively. If we denote by grR and grr the categories of finitely 
generated graded R and T modules, respectively, and degree zero maps. Following 
[], [], we call the quotient categories grR/SR and gr^/ St the categories of tails 
tailsR and tailsr, another notation used in [MV2] is QgrR and QgrT. 

Theorem 11. Let G be a finite subgroup of Gl(n, C) such that no a e G different 
from the identity has a fixed point, G acting as a group of automorphism of the 
polynomial ring C[X] in n variables and e the idempotent e = 1/ \G\ Yl 9 °f the 

skew group algebra C[X] * G. Writing R = C[X] *G andT = eC[X] * Ge = C[X] G 
and considering both as positively graded algebras, denoting by Sr and St the cat- 
egories of finite dimensional graded R and T-modules, respectively and by gR, grT, 
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the categories of finitely generated, R and T -modules, respectively and by tails r 
andtailsT the quotient categories grn/Sn and grr/ St- Then there is a commuta- 

HomnCRe,—) 

grR -4 gr T 

tive diagram of categories and functors: I ttr I ttt > with H an 

tailsji tailsr 

equivalence. 



We will prove only the ungraded case, the other follows with the same line of 
arguments. 



Proof. 1) The functor H is dense. 

It follows as above from the fact Homn(Re, — ) is dense. 
2) The functor H is full. 

Let X, Y be objects in mod_R /Sr and consider a map <p : H(X) — > H (Y) in 
mod T /S T , with H(X) = Hom R (Re,X), H(Y) = Hom R {Re,Y) and tp a "roof 
W f 

s s/ \ , where the kernel L, and the cokernel N, of s are of finite 

eX eY 
length. 

Applying the tensor functor Re® e R e — and composing with multiplication we 
obtain the maps: 

Re<g) e R C s Re<E> eRc W Re<3 eKe f 

S \ 
[i Re<Z) e R C eX Re<E) eRc eY // 

S \ 
X Y 
We also have exact sequences: 

Re® eRc i Ro V cJ Re® eRc W Ro ^ R " s R e ® eRc Ims^ 
Re<8> e Rc Ims — > Re<8> e R C eX — > Re^eRe-^V — > 

By the above observation, Re<8> e R C £ and Re<g> e R ^V are finite dimensional C- 
vector spaces, then U = ImRe<g) e R C j — KerRe<E) e ReS is finite dimensional. 
We have a commutative exact diagram: 



I 

Z 

1 i 

-> U -)• Re <g> W -> Re <g> Ims -> 

^ V -> Re <g> W -> Re <g) eX -> Re(g)N 

Z -> Re (g) N Re ® N ^ 



Applying the functor Hom R (Rc, — ) to the diagram we obtain the commutative 
exact diagram: 
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1 

■4- 









eZ 




I 




1 




eU -> 


W 


— » Ims 





I 


4-1 


s 

\ I i 




eV -> 


w 


-> cX 


-> N 






; 




eZ 





-> N 


-> N 






















-> 



Since the map z is a monomorphism eZ=0 and by Theorem ? Z is finite dimen- 
sional, but both U and Z finite dimensional implies V is finite dimensional. 

By the above remark, N of finite dimension implies Re<g>N is of finite dimension 
and both the kernel and cokcrncl of Re® e R s are in Sr. 

It is clear that H(/i(Re <g>f)(Re ®s) _1 =HornR Re,/x(Re <g>f))Hom fi (Re,Re (gis) -1 
=fs" 1 . 

3) The functor H is faithful. 

W g 

Let s s/ \ be a map in mod^ /Sr, where s has kernel L and 

X Y 
cokernel 7V,both finite dimensional. Assume H(gs^ 1 = 0. 

There exist an exact sequence: 0— >• eL^ eW^ eX^ eN^O and L, N e Sr 
implies eL, eN g Sr-Then we have in mody /St the map: 
eW eg 
es S \ 
eX eY 
which by assumption satisfies (eg)(es)~ 1 = H(gs~ 1 ) = 0. 
Then we have a commutative diagram: 
eW eg 
es y/ t ri \ 
eX Z eY 

\ 4- r 2 /* 
t' V 

with esri = t'r 2 having kernel and cokernel in St and egr\ = 0. 
We want to see first that r\ has kernel and cokernel in St- 
We have a commutative exact diagram: 



^ B ' ^ Z ^ eW -> D' ^ 































eL 




I 






4 




B' 


-> Z 




eW - 


* D' 




H 




es | 


u I 


B 


-> z 


esri 


eX - 


* D 








I 










eN 










I 
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with B, D, eL, eN in St- We need to check that B' and D' are also in St- 
From the commutative exact diagram: 


I 

O^B'^ Z 

i 11 1 

^ B ^ Z E ^ 

I 


We obtain the following commutative exact diagram: 


















1 


I 


I 




— > 


E" - 


-> eL - 


-> D" - 


— >■ 




1 


; 









E' - 


■> eW - 


* D' 


-> 






es | 






-> 


E - 


* eX - 


D 







I 










- 


* eN - 


> eN 


-> 








I 

















Since D" is a quotient of e L and Imiia submodule of D it follows both D" and 
Imu are in St- Therefore: D' is in St- 

From the equality egr\ = it follows eg factors through the finite dimensional 
module D'.Tensoring with Re, the map: Re®eg : Re£§> e ReeW — > Re® e R e eY fac- 
tors through a finite dimensional i?-module. 
We have a commutative exact diagram: 
Re® eRc eW 4 W 
Re®eg I lg 

Re® eKc eY 4 Y 
where the multiplication maps /1 and // have kernels and cokernels in Sr. It 
follows that a the nap g\x factors through a module of finite length. This implies 
gfjb = in mod# / Sr and fi an isomorphism in mod^ / Sr implies g = and 
s~ l g = 0. □ 



For the benefit of the reader we prove the last claim in more detail. 

Lemma 2. Assume H : L — > M is a map in mod^ which factors through a finite 
dimensional module. Then h = in mod# /Sr. 

Proof, h = vu with u : L — > U, v : U — > M homomorphisms and U a i?-module of 
finite dimension. Changing U by Imu, we can assume u is an epimorphism. 
We have a commutative exact diagram: 
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1 











u' 






I 




I 




-> 


B' -> 


L 


-4 u 









H 






0^ 


B -4 


L 


A M 






1 
U' 






























Since u is an epimimorphism, then Im v = Im h and £/' arc of finite dimension. 
Therefore the injective map j : B — > L has kernel and cokernel in S^. 
We have a commutative diagram: 

1 S t j \ 
LB M 

\ 4- j /* o 

i' L 

We have proved /i = in mod_R /Sr. □ 
We comeback to the last claim of the theorem 

Let s : Z — > L be a map in mod^ whose kernel and cokernel are finite dimen- 
sional, h : L — > M a map such that hs factors through a module of finite dimension 
and let j : B — > Z be the kernel of hs. Then j has kernel and cokernel of finite di- 
mension and sj has kernel and cokernel of finite dimension. We have a commutative 
diagram: 

L h 
1 S t sj \ 
L B M 

\ 4- j /* o 

s Z 
It follows /i = in modjj /S^. 

Remark 1. In our case R = C[X\ *G,T = e(C[X] * G)e = C[X] G , the algebra 
C[X] G is affine this is, the is a polynomial ring C\Y\, Y^,... Y m ] = C[Y] and an 
ideal I of C[Y] such that C[Y]/I = C[X] G . The ring C[X] G has the grading 
induced by the isomorphism e{C[X] * G)e = C[A] G , but in general I is not an 
homogeneous ideal in the natural grading ofC[Y]. 

Changing notation, from the graded version of the theorem we have an equiva- 
lence of categories: Qgrc\x]*G — Q9 r c[x] G ■ This equivalence induces at the level 
of bounded derived equivalences: £> b ( Qgrc[x]*c) — D h (Qgr C { X } G )- 

As remarked above, the exterior algebra in n variables, A„ is the Yoneda algebra 
of C[X] , G acts as an automorphism group of A„ and the Yoneda algebra of 
C[X] * G is A„ *G. 

By a theorem of [MS and by [MM] there is an equivalence of triangulated cat- 
egories: gr\ n:t Q = D b ( Qgrc\x]*G)i where 57"a„*g denotes the stable category of 
finitely generated graded modules. Therefore: there is an equivalence of triangu- 
lated categories: gr_A n *G = D b (Qgr C [ X ]o). 
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We have proved the following: 

Corollary 3. Let G be a finite subgroup of Gl(n,C) such that no a G G different 
from the identity has a fixed point, G acting as a group of automorphism of the 
polynomial ring C[X] in n variables and e the idempotent e = 1/ \G\ 9 °f the 

skew group algebra C[X] * G and let A„ be the exterior algebra in n variables. Then 
there are isomorphisms of triangulated categories: gr^ n *Q = ^> b (Qgr C [ X ] G ) — D b ( 
Qgrc[x]*c)- In particular, the categories D b (Qgr C [ X ] G ) andD b { Qgrc[x\*a) have 
Auslander-Reiten triangles and they are of the form ZA n . 

Proof. For the proof we use the fact A„ * G is selfinjective Koszul and results from 
[MZ] . □ 

4.1. Invariants for the Weyl algebra A n and the homogenized Weyl alge- 
bra B n .. In this subsection we study the ring of invariants of the Weyl algebra A„ 
with G a finite subgroup of the automorphism group of A n .We prove A^ is a simple 
algebra Morita equivalent to the skew group algebra A n * G . We then consider the 
homogenized Weyl algebra B n and a subgroup G of the group of automorphisms 
of B n satisfying some mild conditions, and prove for the invariant group B^ and 
the skew group algebra B n *G there is a a theorem relating the category of finitely 
generated left B^ modules and the category of finitely generated B n * G modules, 
similar to the last theorem of the previous section. 

Theorem 12. Let A be a simple algebra over a field K and, G a finite group of 
automorphisms of A. Then the skew group algebra A * G is simple. 

Proof. Let I be a non zero two sided ideal of A * G and r = a + a\<j\ + ...a t cr t with 
a, e A and at G G, if some a* ^ the element ra^ 1 ^ is in I and the coefficient 
of the identity is no zero, hence we can assume all a,; in the expression of r are 
non zero and call t + 1 = £(r) the length of r. We can choose r to be of minimal 
length among the non zero elements of /. Consider the set L defined by L = {bo \ 
&o + bio~i + ...btat G /} U {0} . By definition L is non zero, we prove it is a two 
sided ideal of A. 

Let r\ = 6 + &i(Ti + ...b t a t and r 2 = c + cicri + ...c t a t be two elements of /.Then 
n + r 2 = {b + c ) + {h + ci)<7i + ...{b t + c t )o- t is in I and £(n + r 3 ) < t{ri), by 
minimality either n + r 2 = or £(n + r 3 ) = £(r\) in any case bo + c G L n . 

Let a be a non zero element of A. Then ar\ = ab + ab\Cf\ + ...ab t a t and 
r\a = b a + b 1 a ai cri + ...b t a at a t are in I with abo and boa in i -Hence L is a two 
sided ideal. 

It follows L = A and there is an expression of minimal length 1 + b\cr\ + ...b t a t 
in I. 

If a + a\<j\ + ...a t a t is another non zero expression in /, then (ao6i_ai)<7i + 
..(aob t . — a t )a t G / and by minimality a bi — m = for i ^ 0. This is: a + a\<j\ + 
■ ■■a t o- t = a (l + 6i«ti + ...bta t ). 

Multiplying by a~ l we obtain the expression b- L + b\oo~ x + ...6,_i<t,_i + a^ 1 + 
bi+iai+ia^ 1 + ...btata^ 1 belongs to I is non zero and of minimal length. We define 
as above the set Li = { ao \ a + a^oo^ 1 + ...a^xai-x + caa^ 1 + aj+iCj+ic^ 1 + 
...atato^ 1 G /}. As before Li is a non zero two sided ideal of yl„.Then there is 
an expression 1 + ciaaj 1 + ...Cj_iCTj_i + ciaj 1 + Ci+iVi+iaJ 1 + ...c t a t a~ x in I 
and b t + b x aa^ Y + ...6j_icrj_i + a^ 1 + b l+1 a l+1 a^ 1 + ...b^ta^ 1 = 6»(1 + c x aa^ x + 
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...Ci-\di-\ + Ciaf 1 + Ci+iai+ia^ 1 + ...ctotoj 1 )-^ particular, b l c i = 1 and bi e 
C — {0} is a unity. Since the clement was arbitrary all coefficients in 1 + bicri + ...b t o- t 
are units, this is they are non zero complex numbers. 
Assume the length t > 0. 

Let { Xi}i e g, be a set of algebra generators of A as if-algebra. Then X{ + 
Xib\0\ + ...Xib t o t and X, +biXpai + ...btX^ot are elements of / and b\(Xi — 
Xi 1 )®! + ■■■b t {X i — X? t )a t is in /.By minimality Xi — X? 1 for an arbitrary Xi. 
But if a\ fixes all the generators of A. then a\ = 1, a contradiction. It follows t = 
and A = {a e A | ol € /j.Therefore 1 e / and L = A*G. □ 

As a corollary we obtain the following: 

Corollary 4. Let A n =C<X 1 ,X 2 ,...X n ,Y 1 ,Y 2 ,...Y n >/{[X i ,X j J,[Y i , Y 3 ],[X t , Y 3 ]-5 t] } 
be a Weyl algebra and, G a finite group of automorphisms of A n . Then the skew 
group algebra A * G is simple. 

Another consequence of the theorem is the following: 

Theorem 13. Let A be a simple algebra over a field K and, G a finite group of 
automorphisms of A. Then the algebra of invariants A G is simple. 

Proof. Let J be a non zero ideal of A G .Then Le = ele is a non zero ideal of 
A G e = eA * Ge. 

The ideal A * GeleA * G of A * G is non zero otherwise, eA * GeleA * Ge = eLe = 
0. Therefore A * GeLeA * G = A * G and ele = eA * GeleA *Ge = eA* Ge. □ 

Corollary 5. Let A n =C<X 1 ,X 2 ,...X n ,Y 1 ,Y 2 ,...Y n >/{[X i ,X j ],[Y i , YjJjXi, Y,]-S t3 } 
be a Weyl algebra and, G a finite group of automorphisms of A n . Then the algebra 
of invariants A% is simple. 

We can prove now the following: 

Theorem 14. Let A be a simple algebra over a field K and, G a finite group of 
automorphisms of A. Then the algebra of invariants A G and the skew group algebra 
A* G are Morita equivalent. 

Proof. Consider the idempotent of A * G, e = 1/ \G\ a - We prove first that the 

o-eG 

functor F — Hom^G(A * Ge, — ) : Mod^c — > Mod e A*Ge has zero kernel. 

A A * G-module M is in the kernel of F if and only if eM = 0,this is: if and only 
if A * GeA * GM = . But A * G simple implies A * G — A * GeA * G and M is in 
the kernel of F if and only if M = 0. 

The functor F is always dense. 

Let / : M — > N be a map of A * G-modules and ef : eM — >• eN the restriction. 
There is a commutative diagram: 

A*Ge®® e ^ Ge eM 4 M 
I A * Ge ® ef f I 

A * Ge <Ei e A*Ge eN 4 N 
with fi and // multiplication. The kernels of fi and /x' are annihilated by e, hence 
they are zero and the cokernel of fi is M / A * GeA * GM = 0. 
Similarly for it'. It follows both fi and /x' are isomorphisms. 
Therefore ef — implies / = and F is faithful. 
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Let g : M' — » A^'be a map of eA * Ge-modules. Since F is dense, there exists 
A * G-modules M and N such that eM = M'and eA^ = A^'and g can be identified 
with a map g : eM — > eA^.There are maps: 

A * Ge <g> ® e A*G e eM 4 M 
i A * Ge <g> g 

A * Ge ® e A*Ge eiV 4 AT 
with fi, ^'isomorphisms and the map / = //A * Ge ® <7/U _1 is such that 
HomA* G (A * Ge, /) = e/ = .g. 

Therefore Hom^ciA * Ge, — ) is full. □ 

Corollary 6. Let A n =C<X 1 ,X 2 ,...X n ,Y 1 ,Y 2 ,...Y n >/{fX l ,X J ],[Y l ,Y J ],[X l , YjJ-Sij} 
be a Weyl algebra and, G a finite group of automorphisms of A n . Then the algebra 
of invariants A% and the skew group algebra A n * G are Morita equivalent. 

Corollary 7. Let G be a finite subgroup of 57(2, G) acting as automorphism group 
of A\. Then A\ * G and Af are simple and Morita equivalent to the deformed 
preprojective algebra. In particular the deformed preprojective algebra is simple. 

For more results on the deformed preprojective algebra we refer to [C-BH]. 

We analyze next the relations between mods n *G and mod B c for a special class of 
subgroups of automorphisms of B n , which include finite products of finite subgroups 
of Sl(2,C). 

We will need the following: 

Theorem 15. Let A be a noetherian algebra over a field K and, G a finite group 
of automorphisms of A such that A is finitely generated as left module over the ring 
of invariants A . Then A is a noetherian algebra. 

Proof. Let 7 be a left ideal of A G . Then AI is a left ideal and by hypothesis, AI 
is finitely generated as A-module and A finitely generated over A G implies AI is a 

rtj 

finitely generated A G -module. Let {Y^bjul, 1 < j < m \ bj e A, u\ e 1} be a set of 

generators of AI. Then {b\u\, 1 < j < m \ b\ G A, u\ e 1} is also a set of generators 
of AI, after re indexing we have a set of generators {biUi, 1 < i < n \ bi e A, Ui e 1} 
. Let x be an element of I. Then for 1 < i < n, there exists Ci e A G such 

m mm 

that x = ^2dbiUi. Then for a e G , x = x a = J2 c fK u i = ^2 c ibfui and 

i— 1 i— 1 i— 1 

m m m m 

* = V |G| E - V |G| E E CiKui = Eci(V |G| E &fH = EatM, 

ctGGi=1 i=l<reG i=l <reG i=l 

with c i; G A G . 

Therefore: I is finitely generated as A G -module. □ 

Proposition 3. Let G be a finite group of grade preserving automorphisms of B n 
fixing Z.Then B n is a finitely generated left (right) -module. 

Proof. Since G is a group of grade preserving automorphisms i? G is a positively 
graded ring with (B G )i = {b e (B n )i \ <r(b) = b for all a e G} and the inclusion 
ji : £? G — > 73„ is a homomorphism of graded G-algebras. 

Let C n be the polynomial ring in In variables, G acts as an automorphism group 
of G„, let G G be the ring of invariants and jo : G G — > G„ the inclusion as a graded 
subring. 
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We have a commutative exact diagram: 
0^ ZB% -> B% -> C% ^0 

I .72 I jl I JO 

-> ZB n -> B n -> C„ ^ 
We know C n is a finitely generated C„ -module. [] and we can choose homoge- 
neous generators c\, C2,... Q of C„ as C„ -module . Let b±, 62,... &t be homogeneous 
elements of B n such that 6» + ZB n = Ci for 1 < i < t. 

t 

Let b be an element of B n of degree d.Then b + ZB n = J2 r i^i + with 
r,°^„ G and6=E^ + ^Mi • 

i=l 

Since &, 61, &2,--- are homogeneous we can choose r° and /i-l homogeneous 
elements with degreer^+degree bi= d and degree/^ = d — 1. 
t 

Then fi ± = Yl r i^i + ^A*2 with /i 2 homogeneous of degree d — 2. Continuing by 
i 1 

induction we obtain [i i homogeneous of degree d — i, in particular n d has degree 
zero, which mans it is a constant and we get: 

b= E^i+EE Z j r{b l +Z d k 1 k a complex number. Thcn6 = £(£^r|)M- 

i— 1 j—li—l i—1 j—0 

Z d k, with Z J r^ e 5^ and 1, 61, & 2 ,- - &t generate B n as left B^-modulc. □ 

Corollary 8. Let G be a finite group of grade preserving automorphisms of B n 
fixing Z. Then B^ is a noetherian algebra. 

Lemma 3. Let B n be the homogenized Weyl K -algebra over an infinite field H. 
Then n (Z - c)B n = 0. 

c£K 

Proof. Since B n has a Poincarc-Birkoff basis with Z in the center, any element of 
B n is a polynomial g/X,Y, Z) in X's, Y's and Z. Given d e K Z — d divides g if 
and only if g(X, Y, d) = 0. 

It is clear that g(X,Y,Z) = q(X,Y,Z)(Z - d) implies g(X,Y,d) = 0. We can 
write g as a polynomial in Z, g(X, Y, Z) = g (X, Y) + g x (X, Y)Z + g 2 {X, Y)Z 2 + 
...g t (X,Y)Z t with gi(X, Y) polynomials in X's and Y's. 

Then g^X^Z* = gi (X,Y)({Z-d) + dy = g[{X,Y, Z){Z - d) + 9l {X,Y)d l and 
g(X, Y, Z) = q(X, Y, Z)(Z - d) + g(X, Y, d). Therefore g(X, Y, d) = implies Z-d 
divides g. 

Assume now 7^ h € fl (Z — c)B n . Then h = (Z — c\)qi = [Z — C2)/ with 

c\ 7^ c 2 .Then (c2 — c\)q\{X, Y, C2) = (c2 — C2)/ = implies Z — C2 divides q\{X,Y, Z) 
and h= (Z - c x ){Z - c 2 )q 2 - 

Assume h is a polynomial in Z of degree to. Continuing by induction we obtain 
h = (Z — Ci)(Z — c 2 )...(Z — c m+ i)q m+ i a contradiction. 

Therefore: n (Z - c)B n = 0. □ 

In what remains of the section we want to extend the theorems of the previous 
subsection to the homogenized Weyl algebras, the following result will be crucial: 

Proposition 4. Let B n =C<X 1 ,X 2 ,...X n ,Y 1 ,Y 2 ,...Y n ,Z>/{[X i ,X j ],[Y i , Y 3 ],[X t , Y 3 ]- 
SijZ 2 ,[Xi,Z],[Yi,Z]} be the homogenized Weyl algebra in 2n+l variables, G a finite 
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group of grade preserving automorphisms of B n and e the idempotent of B n * G, 
e = 1/ \G\ ^2 a. Moreover, assume B n satisfies the following conditions: 

i) For all a eG, a(Z) = Z. 

n n 

ii) The C-subspace V — © CXi © © CYj of B n is G- invariant. 

*=i j=i 
Hi) If v <EV , u ^ and a(v) = v, then a = 1. 
Then B n * G/B n * GeB n * G is a finite dimensional C -algebra. 

Proof. We will use the commutative exact diagram: 
0^ ZB% -+ B„ G -+ C% ^0 

I h 1 3i I jo 

-> ZB n -> B n -> C n -> 

Let {mijig/ be the set of maximal ideals of G„ , for each rf%i an ideal Hi of C„ 
such that C n fl n j = mj. Let no= (^i, -X2,... 1„, Yi, Y2, ••• Y„) be the maximal 
irrelevant ideal of C n and m = C n n n . 

We saw in Proposition ?, that given any ideal rUi 7^ mo , {^f }<tsg 1 such that 
nf = nj implies a — t, is the set of maximal ideals of C n above raj. In particular, 
the radical \Jm,iC n = n n" is a G- invariant ideal of C n , and \JW§G^ — n . 

<r£G 

By the isomorphism theorems, there exists maximal ideals { m,i} ie i of B% con- 
taining ZB^, such that rrii/ZB^ = Mi and maximal ideals {ni} ie i of _B„ containing 
Z_B„ such that n,i/ZB n = rTj. 

From the isomorphisms: ni/ZB n n B%/ZB% = n t n B%/ZB% = rrn/ZB%, we 
get n, n = mi and nf n = m, for all ct G G. It follows = n nf is a 

G- invariant ideal of £„, with L = n . 

We have ZB n C n n < = n L, and n Li/ZB n = n n nf = O.Therefore: 

iei aec iei iei iei aec 

n n nf = zs„. 

It was proved in [], that for any c e G — {0} there is an isomorphism B n j [Z — 

c)B n = A n , hence each (Z — c)B n is a maximal ideal of B n . 

Then we have: n fl <fl n (Z - c)B = n (Z - c)B = 0. 
iei crec cec-{o} cec 

We have a ring homomorphism: 

ili:B n *G^ Y\ B n *G/Li*GxB n *G/n Q *Gx '[] B n *G/{Z -c)B n *G 
iei-{Q} cec-{o} 
whose kernel is zero. 

By the isomorphism theorems: B n /Li = B n /ZB n / Li/ZB n = C n / \/rriiC n and 
B n /n = B n /ZB n /n /ZB n = G„/n = C. 

Therefore: B n * G/n * G = GG and for each i ^0, S t * G = B n * G/L, * G = 
C n /\/rh~iC n * G is a simple finite dimensional algebra, as we proved in Proposition 
?. 

Then we have an injective ring homomorphism: 
ip : B n * G -> JJ 5i * G x GG x J[ A n *G 

iei-{o} cec-{a} 
By the simplicity of Si*G and A n *G for the idempotent e we have: Si*GeSi*G = 
Si*G and A n * GeA n *G = A n *G. 

ip(e) = e = ((e), e, (e)) is an idempotent of Yj Si*G x GG x ^4„ * G 

ie/-{o} cec-{o} 

such that: 
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(Q S 4 *GxCGx J] A «*G)e (J] S,*GxCGx J] A„*G)= 
«e/-{o} cec-{o} ie/-{o} cec-{o} 

([] S 4 *GxCGcx jl A„*G and as in Therorem ? there is an injective 

iei-{o} cec-{o} 
ring homomorphism: 

B n * G/B n * GeB n *G^ CG/CGe. 

It follows B n * G/B n * GeB n * G is a finite dimensional C-algebra. □ 

We have all the ingredients to prove for the homogenized Weyl algebras, theorem 
analogous to Theorem9 and Theorem 10, what was essential in the proof of those 
theorems was the fact C n * G/C n * GeC n * G is a finite dimensional C-algebra and 
the fact C n is a finitely generated C^-module. Then the proof of the next two 
theorems follows by similar arguments to those used in the proof of Theorem 9 and 
Theorem 10 and we will skip it. 

Theorem 16. Let B n =C<X 1 ,X 2 ,...X n ,Y 1 ,Y 2 ,...Y n ,Z>/{[X i ,X j ],[Y i ,Y j ],[X i ,Y j ]- 
SijZ 2 ,[Xi,Z],[Yi,Z]} be the homogenized Weyl algebra in 2n+l variables, G a finite 
group of grade preserving automorphisms of B n and e the idempotent of B n * G, 
e = 1/ \G\ a. Moreover, assume B n satisfies the following conditions: 

ctGG 

i) For all a e G, a(Z) = Z. 

n n 

ii) The C-subspace V — © CX, © CYj of B n is G- invariant. 

i=i j=i 

Hi) If v £V, n^O and a(v) = v, then a = 1. 

Then: writing R = B n *G and T = eB n * Ge = B^ and denoting by Sr and St 
the categories of finite dimensional R and T-modules, respectively and by mod/? , 
modr, the categories of finitely generated, R and T -modules, respectively. Then 
there is a commutative diagram of categories and functors: 

Hom R (Re,-) 

mod_R — > mody 

I tt r I tt t , with H an equivalence. 

modn/Sii mody /St 

We have also the graded version: 

Theorem 17. Let B n =C<X 1 ,X 2 ,...X n ,Y 1 ,Y 2 ,...Y n ,Z>/{[X i ,X j ],[Y i ,Y j ],[X i ,Y j J- 
SijZ 2 ,[Xi,Z],[Yi,Z]} be the homogenized Weyl algebra in 2n+l variables, G a finite 
group of grade preserving automorphisms of B n and e the idempotent of B n * G, 
e = 1/ \G\ ^2 a. Moreover, assume B n satisfies the following conditions: 

<tGG 

i) For all a e G, a(Z) = Z. 

n n 

ii) The C-subspace V — (B CXi © CYj of B n is G- invariant. 

*=i j=i 

Hi) If v e V, v 7^ and a(v) — v, then a = 1. Then: writing R = B n * G and 
T = eB n * Ge = B^ and considering both as positively graded algebras, denoting by 
Sr and St the categories of finite dimensional graded R and T-modules, respectively 
and by gn, grT, the categories of finitely generated, R and T -modules, respectively 
and by tailsn andtailsT the quotient categories gr^/Sn and grT / St- Then there is 

Homft(He,—) 

grR -4 gr T 

a commutative diagram of categories and functors: Ikr { ttt > 

tailsR —± tailsT 

with H an equivalence. 
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We also have as in Theorem 10: 

Changing notation, from the graded version of the theorem we have an equiv- 
alence of categories: Qgrs n *G — Q9 r B a - This equivalence induces at the level of 
bounded derived equivalences: Lr{ QgrB n *G) — I^{Q9 r B G )- 

As remarked above, G acts as an automorphism group of B' n , the Yoneda algebra 
of B n and the Yoneda algebra of B n * G is B' n *G. 

The algebra B' n *G is Koszul selfmjective. By a theorem of [MS and by [MM] 
there is an equivalence of triangulated categories: gr B ' n *G — ^( Qg r B n *G), where 
gr B < *g denotes the stable category of finitely generated graded modules. Therefore: 
there is an equivalence of triangulated categories: gr B ' n *G — ^(Q.gr^c). 

We have proved the following: 

Corollary 9. Let B n =C<X 1 ,X 2 ,...X n ,Y 1 ,Y 2 ,...Y n ,Z>/{[X i ,X j ],[Y i ,Y j ],[X i ,Y j ]- 
SijZ 2 ,[Xi,Z],[Yi,Z]} be the homogenized Weyl algebra in 2n+l variables, G a finite 
group of grade preserving automorphisms of B n and e the idempotent of B n * G, 
e = 1/ \G\ ^2 a. Moreover, assume B n satisfies the following conditions: 

<tGG 

i) For all a e G, a(Z) = Z. 

n n 

ii) The C-subspace V = CXi CYj of B n is G- invariant. 

*=1 3=1 

in) IfvGV, u^O and a(v) = v, then a = 1. 

Let B' n be the Yoneda algebra of B n . Then there are isomorphisms of triangulated 
categories: gr B < „ G = D h {Qgr B o) = D b ( QgrB„*G)-I n particular, the categories 
D b (Qgr B G) andD b ( QgrB n *c) have Auslander-Reiten triangles and they are of the 
form ZA n . 

Proof. As before, the proof uses the fact B' n * G is selfmjective Koszul and results 
from [MZ] . □ 
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